Seeing plane partitions
in Lie representation theory

Adifferent approach to our counting problems



A summary

1.

4.

Some general background information

Algebras, representations, and tensor products

s[(2,C) and its representation theory

The action on irreps 'V,

How PPs appear in tensor products of representations

"Modified" Kasteleyn-Percus

Can we get back to our original KP matrices?
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S [(27 (C) 2x2 traceless matrices with complex entries
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(A, B] = AB — BA
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An action on a vector space ) : GxV >V

Example: 2x2 matrices represented by the plane

GL(2,R) x R* — R?
(& d-Bl) = d Bl
a:G— GL(V) a(gh) = a(g)a(h)
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The representation theory of s((2,C)

= (3 )= 8= )

[A,B] = AB — BA

Two nice facts:
1. Any rep decomposes into a direct sum of irreps
2. The irreps are classified by N;
ie. forall n there'sauniqueirrep V;, ofdim n + 1
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eg. Vi Vy® Vs

It'sa 2 x 2% 3
plane partition graph!

But it's "modified”

because of its weighting...
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How do plane partitions come in?

Foran g x b x ¢ plane partition, we have

‘/b—l—c—l Y Va—l—c—l Y Va—l—b—l

Clebsch-Gordan: V,, @ V), 2 V1 & Vaup- 2B ...

— A diagonalized matrix for the action of X

—> A determinant: the solution to our counting problem!
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Kasteleyn cokernel

Modified cokernel

2 X 2X%X 2

2X2x%x3

72 ® Z/10

7)5® Z./10

(Z/2)° ®Z/6 D Z/12 ® 7/60

(Z/2)° ® (Z/6)* ® Z/12 @ (Z/60)*
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Another problem...

Our Clebsch-Gordan was over C ...

But our cokernel needs to be over 7!

Enter. .. 5[(2, Z)

Does it have a version of Clebsch-Gordan?
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Another problem...

Vn tensor products don't decompose the same way...

e.g. %@‘/2 %‘/3@‘/1? id: e ® e
a(Y): e_1®es+2e1 ®ep
a(Y2): de_1 ®eg+ 4e1 Q e_9
€_ € €
e . 2 .0 .2 Oz(Y?’): 12e_1 ® e_9
e A:=(a,b+ 2c,4(d +e),12f)

~ V37
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Another problem...

A:= (a,b+2c,4(d + €),12f) in 7°
Take the divisor-closure:

(A®Q)NZ"™ iscomplemented, and a subrep...

But is its complement a subrep?
Often not!

Something to look at...



Another problem...



Another problem...

ViV,



Another problem...

ViV,

Divisor-enclosed enlargements of V3, Vi in V; ® Va:



Another problem...

ViV,

Divisor-enclosed enlargements of V3, Vi in V; ® Va:

Vs, Vi



Another problem...

ViV,

Divisor-enclosed enlargements of V3, Vi in V; ® Va:
Vi, Vf

Consider:



Another problem...

Viel,

Divisor-enclosed enlargements of V3, Vi in V; ® Va:
Vs, Vi

Consider:

Z° (Vs & V)



Another problem...

Vi ® Vs
Divisor-enclosed enlargements of V3, Vi in Vi ® Va:
Vs, Vi
Consider:
Z° (Vs @& V)

What kind of object does this form?



Another problem...

ViV,

Divisor-enclosed enlargements of V3, Vi in V; ® Va:
Vi, Vf
Consider:

Z°/(Vs & Vi) = (Z/3)*

What kind of object does this form?



Thanks!



