A Sum and Product Game
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How does the game work?

e Giventwo numbers2<p,g<n
e The sum person S knows (p+q); the product person P knows (pq)
e They alternatively answer the question: do you know (p, q)?
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Relating the Game to the Graph

Definition 1. A sum path P of length | = I(P) in G(n) is two length | sequences a;,b; such that a; # a;+1, a; > b; Vi, and
agibo; = agi—1b2i—1 V1 <4 < L, ag; + bai = agip1 + baiy1 V1 < i < R

Definition 5. A sum tail of length | is a sum path T = (a;,b;) of length | such that for every other sum path T = (a;, b;) of

length I, where (dy,b1) = (a1,b), I < L.
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Relating the Game to the Graph

Definition 1. A sum path P of length | = I(P) in G(n) is two length | sequences a;,b; such that a; # a;+1, a; > b; Vi, and
agibo; = agi—1b2i—1 V1 <4 < L, ag; + bai = agip1 + baiy1 V1 < i < R

Definition 5. A sum tail of length | is a sum path T = (a;, b;) of length | such that for every other sum path T = (a;, b;) of
length I, where (ay1,b1) = (a1,b1), I <L

Theorem. A game of (p, q) involves | = 2m — 1 NO before YES if and only if Example: =3
* There is one sum tail of length | with (a1,b1) = (p, q)

o There is at least one other sum path of length I > l witha, +b] =p+q, a1 #p

A game of (p, q) involves | = 2m NO before YES if and only if
* There is at least one sum tail of lengthl — 1 withay, +b; =p+q, a1 #p
* There is one sum path of length l' > | — 1 with (a', b)) = (p, q)

* There is no sum path of lengthl” > 1 — 1 witha! + b =p+q,a} #p




Properties of G(n)

e Each tail either has length one or ends with a product node
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Properties of G(n)

e Thereis no path from a ‘big’ sum node S to any other sum node

3+2n—v5+4n < S5 <2n
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Properties of G(n)

e Suppose for given n, the game of some (p,q) involves r NOs before YES. Then for every
r'<r, there is a pair (p', q') such that the game of (p’, ') involves r' NOs before YES
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You are the observer of the game and givenn ...

Can you determine the pair of numbers (p,q)
after hearing 4 NOs before a YES?



You are the observer of the game ...

Are there infinitely many n where you can
determine the pair of numbers (p,q) after
hearing 4 NOs before a YES?



Q: Does the observer know (p,q) after 4 NOs and YES?
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e Forall n, the pair (4,4) involves 4 NOs before a YES
e The observer can determine the pair of numbers (p,q) after hearing 4 NOs
before a YES if and only if there is no other pair with 4 NOs before a YES.




3 oo ns.t. the observer does not know (p,q) after4 N1Y

l.e. 3 « n such that there is at least another pair (p’, ) whose game involves 4 NO and YES
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=3 oo n s.t. the observer knows (p,q) after 4N 1Y

l.e. 3 « n such that there is no other pair (p’, ') whose game involves 4 NO and YES

Cn = {(p,q) | (p,q) involves4 NOsbeforeY ESin gameof n}

Definition. 7,(p, q) is the least integer such that (p, q) € C., (p.q)-

Definition. 75(p, q) is the greatest integer such that (p,q) € C.,p.q)-
Theorem. 72(C = (p,q)) is well-defined and (p,q) = C € C; for every 1 < 7 < To.
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=3 oo ns.t. the observer knows (p,q) after 4N 1Y

l.e. 3 « n such that there is no other pair (p’, ') whose game involves 4 NO and YES
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=3 oo n s.t. the observer knows (p,q) after 4N 1Y

l.e. 3 « n such that there is no other pair (p’, ') whose game involves 4 NO and YES
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=3 oo ns.t. the observer knows (p,q) after 4N 1Y

l.e. 3 « n such that there is no other pair (p’, ') whose game involves 4 NO and YES
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=3 oo ns.t. the observer knows (p,q) after 4N 1Y

l.e. 3 « n such that there is no other pair (p’, ') whose game involves 4 NO and YES
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Thank you!




